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We study and characterize the breather-induced quantized superfluid vortex filaments which
correspond to the Kuznetsov-Ma breather and super-regular breather excitations developing from
localised perturbations. Such vortex filaments, emerging from an otherwise perturbed helical
vortex, exhibit intriguing loop structures corresponding to the large amplitude of breathers due
to the dual action of bending and twisting of the vortex. The loop induced by Kuznetsov-Ma
breather emerges periodically as time increases, while the loop structure triggered by super-regular
breather—the loop pair—exhibits striking symmetry breaking due to the broken reflection symmetry
of the group velocities of super-regular breather. In particular, we identify explicitly the generation
conditions of these loop excitations by introducing a physical quantity—the integral of the relative
quadratic curvature—which corresponds to the effective energy of breathers. Although the nature
of nonlinearity, it is demonstrated that this physical quantity shows a linear correlation with the
loop size. These results will deepen our understanding of breather-induced vortex filaments and be
helpful for controllable ring-like excitations on the vortices.
I. INTRODUCTION
Quantum fluid [1, 2] has recently been the subject of
extensive investigations that contains vortex generation,
interaction, and reconnection of vortex lines influenced
by vortices [3, 4]. The motion of quantum fluid is
most succinctly illustrated by vortex filament due that
it consists of vorticity of infinite strength concentrated
along the filament and gives an intuitive geometric
interpretation of the evolution of the vorticity field.
In the case of ideal inviscid fluid, the motion of the
fluid elements is constrained by Biot-Savart law which
provides valuable information of vortex tangles [5, 6].
In particular, a variety of excitations are generated and
evolve along the vortex filament due to the self-induced
velocity [7–11]. Such excitations are physically important
since they turn out to be the main degrees of freedom
remaining in a superfluid in the ultra low temperature
regime. Therefore, investigation of vortex structures of
different fundamental excitations is both relevant and
necessary.
The first prototype of such excitations is the so-called
‘Kelvin wave’ [12]. The latter, which is originated from
the small deformations of vortex lines, plays an important
role in the decay of turbulence energy [13]. However, one
should note that Kelvin waves are low amplitude linear
excitations of a straight vortex. In contrast, there are also
some larger amplitude excitations propagating along the
filament. Such large-amplitude excitations are induced
by nonlinearity, i.e., ‘nonlinear excitations’.
There exists an interesting link between nonlinear
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excitations and vortex dynamics that has attracted
considerable attention recently. It is presently known
as ‘Hasimoto transformation’ [7] that allows us map the
motion of vortex filament onto a scalar cubic nonlinear
Schro¨dinger equation (NLSE) of the self-focusing type
and the resulting loop structure of bright soliton on a
vortex filament is demonstrated [7]. In addition to the
classical solitons, the NLSE possesses rich ‘breathing’
excitations on a plane wave background which are known
as ‘breathers’ [14–16]. Such breathers are strongly
associated with the modulation instability (MI) [14–
18], where its nonlinear stage has been regarded as
the prototype of rogue wave events [19]. Surprisingly,
although breather has been one of the center subjects in
nonlinear physics and its observation has been realized
widely in many nonlinear systems [15, 20–23], the
link between one special type of breather—Akhmediev
breather [24] (as well as its multiple counterpart) and
vortex filaments in a quantized superfluid has been
revealed only recently [8, 9]. In fact, the resulting
new loop structure of Akhmediev breather, which differs
from that of bright solitons [7], provides significant
contributions to our understanding of quantum fluid
and superfluid turbulence. This is therefore an
interdisciplinary research—in the case of quantized
superfluid vortex filaments, MI, and breathers—that
needs more explorations.
However, the Akhmediev breather is merely the exact
description for the MI emerging from a special purely
periodic perturbations [24]. There is another type of
breathers describing the MI developing from localised
perturbations that has not been studied in a quantized
superfluid. This includes the Kuznetsov-Ma breather [25]
admitting localised single-peak perturbation and super-
regular breather [16] supporting localised multi-peak
perturbation. Indeed, it is recently demonstrated that
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2Kuznetsov-Ma breather describes not only the MI in the
small amplitude regime but also the interference between
bright soliton and plane wave in the large amplitude
regime [26]; while the super-regular breather admits
the MI growth rate that coincides with the absolute
difference of group velocities of the breather [27, 28].
Given that these breathers are qualitatively different,
two questions of fundamental importance now arise: How
about the loop excitations triggered by these breathers?
Is there a physical quantity to identify explicitly all these
breather-induced loop excitations?
In this paper, we study the quantized superfluid vortex
filaments induced by Kuznetsov-Ma breather and super-
regular breather admitting localised perturbations. Such
vortex filaments exhibit striking loop structures due to
the dual action of bending and twisting of the vortex.
Remarkably, an intriguing loop structure triggered
by super-regular breather—the loop pair—exhibits
spontaneous symmetry breaking, due to the broken
reflection symmetry of the group velocities of super-
regular breather. In particular, we identify explicitly
these loop excitations by introducing the integral of
the relative quadratic curvature, which corresponds to
the effective energy of breathers. Although the nature
of nonlinearity, it is demonstrated that this physical
quantity shows a linear correlation with the loop size.
II. HASIMOTO TRANSFORMATION AND
INVERSE MAP
For the incompressible and inviscid fluid, the Biot-
Savart equation is reduced to a simpler local induction
approximation (LIA) equation [29–31] by taking leading
order
v = (Γ/4pi) ln (R/a0)κt× n = βκt× n. (1)
Here Γ is a circulation, R is local radius of curvature
and a0 is the effective vortex core radius. v =
dr
dt is
the flow velocity vector of the vortex filament, t and
n are unit vectors corresponding to the tangent and
principal normal directions, respectively. κ, as a real
function of arc length variable s and time t, represents
the curvature distribution of the vortex filament. This
equation makes us obtain more properties of the states
related to the motion of vortex especially in the case of
Hasimoto transformation. Assuming that β is constant
and making use of the Seret-Frenet equations given in
[32],
r′ = t, t′ = κn, n′ = τb− κt, b′ = −τn, (2)
where prime denotes a differential of arc length, b is
binormal vector and τ is the torsion of the vortex
filament, Eq. (1) can be transformed into a 1D scalar
cubic NLSE of self-focusing type [7]
β−1 (iψt) = −ψss − 1
2
|ψ|2ψ. (3)
ψ (s, t) is a complex function related with the local
instantaneous geometric parameters curvature κ (s, t)
and torsion τ (s, t) in the context of vortices by the
transformation
ψ (s, t) = κ (σ, t) ei
∫ s
0
τ(σ,t)ds. (4)
The NLSE (3) possesses rich ‘breathing’ excitations
[14], which provides a path for studying exactly breather-
induced quantized superfluid vortex filaments. One can
obtain the explicit configuration of these excitations by
inverse map (see Appendix A).
III. KUZNETSOV-MA BREATHER INDUCED
VORTEX FILAMENTS AND EXACT
CHARACTERIZATION
We first consider the Kuznetsov-Ma breather that
exhibits periodic pulsating dynamics along t. Its explicit
expression for Eq. (3) is given by
ψ(s, t) =
[
1− 2 χ
2 cos (ηβt) + iη sin (ηβt)
κ0b cosh (χξ)− κ20 cos (ηβt)
]
ψ0, (5)
where χ =
√
b2 − κ20 with b being a real constant (b >
κ0), η = bχ, and ξ = s−2τ0βt. Physically, b describes the
oscillation period and amplitude of the Kuznetsov-Ma
breather. κ0 and τ0 are real constants which denote the
amplitude and wave vector of the plane wave background
ψ0 respectively. The latter has the from
ψ0 = κ0 exp i(τ0s+ ωt), ω = β κ
2
0/2− β τ20 . (6)
This plane wave corresponds to a trivial uniform helical
vortex without physical interest (κ0 and τ0 describe
the curvature and torsion of a uniform helical vortex,
respectively). In contrast, the Kuznetsov-Ma breather
describes nontrivial structure of vortex filament that
has not been studied fully. From Eq. (5), one can
readily calculate the explicit expressions of the curvature
and torsion of vortex filament induced by Kuznetsov-Ma
breather, which are given respectively by
κ =
[(
κ0 +
2χ2 cos(ηβt)
n1
)2
+
4η2 sin2(ηβt)
(n1)
2
]1/2
, (7)
and
τ = τ0
[
1 +
4κ0η
2 sin (ηβt) sinh (χξ)
m1 +m2 +m3 +m4
]
, (8)
with
n1 = κ0 cos (ηβt)− b cosh (χξ) ,
m1 = κ
4
0 − 7κ02b2 + 8b4, m2 = κ40 cos (2ηβt) ,
m3 = 4κ0b
(
κ20 − 2b2
)
cos (ηβt) cosh (χξ) ,
m4 = κ
2
0b
2 cosh (2χξ) .
3FIG. 1: Temporal evolutions of curvature κ (ξ, t) (a) and
torsion τ (ξ, t) (c) corresponding to a Kuznetsov-Ma breather,
see Eqs. (7) and (8). (b) and (d) are variations of κ (ξ, t)
and τ (ξ, t) at different times. The parameters are: κ0 = 1,
τ0 = 0.05, b = 1.2, and β = 4pi.
The variations of curvature and torsion of Kuznetsov-
Ma breather on the (ξ, t) plane (note here that ξ = s −
2τ0βt denotes the moving frame on the group velocity),
with initial conditions b = 1.2, κ0 = 1, τ0 = 0.05, are
shown in Fig. 1(a) and (c). As expected, the curvature
of Kuznetsov-Ma breather, starting from a localised non-
periodic (single-peak) perturbation, evolves gradually
into its maximum at t = 0 [see the profiles in Fig. 1(b)].
The curvature then exhibits periodic oscillation with the
period 2pi/(ηβ) as t increases [see Fig. 1(a)].
A notable feature is that the torsion, as a function
of arc length s and time t, exhibits singular behavior
as t → 2pi/(ηβ). Figure 1(d) clearly indicates that the
phase becomes ill defined at the point κ = 0 near t = 0,
which leads to the severe twisting of the vortex filament.
This is not surprising since the Kuznetsov-Ma breather
admits a pi phase shift at the valleys. This phase shift
results in the singular behavior of the torsion. Note that
the singular does not make the Hasimoto transformation
ill-defined due to the pi phase shift of nonlinear waves.
Figure 2 shows the corresponding vortex configuration
of Kuznetsov-Ma breather within one growth-decay
cycle. One can see clearly from the figure that the
vortex filament, emerging from an otherwise perturbed
helical vortex at t = −0.314 [see Fig. 2 (a)], exhibits a
striking loop structure at t = 0 due to the dual action of
bending and twisting of the vortex. This loop structure
disappears gradually as t increases. At t = 0.314, the
vortex filament recovers the initial state. This process
will emerge periodically as t increases due to the feature
of the Kuznetsov-Ma breather. One should note that
when κ0 → 0, the loop of Kuznetsov-Ma breather reduces
to the classical loop structure of bright solitons [7]; the
periodic recurrence of the loop is gone.
The Kuznetsov-Ma breather can transform into the
Peregrine rogue wave [34] with double localization in the
limit of b → κ0. The latter is also the limiting case of
the Akhmediev breathers. All these breathers can induce
loop-structure excitations on vortex filaments, as shown
above and in Ref. [8, 9].
One then wonder how to identify explicitly these vortex
filaments induced by breathers, since each kind of vortex
filament has a similar loop structure corresponding to the
maximum curvature. This is the question of fundamental
importance that has not been answered before. To do
this, we introduce the following physical quantity—the
integral of the relative quadratic curvature of the form
∆K =
∫ ∞
−∞
[
κ2 (s, t)− κ20 (s, t)
]
ds. (9)
Eq. (9) corresponds to the effective energy of breathers
in optics [35, 36]. Namely, it coincides with the energy
of breathers against plane wave, i.e.,
∫∞
−∞
(
ψ2 − ψ20
)
ds.
For a quantum condensate fluid, Eq. (9) stands for
the effective atom numbers [1]. Generally, this is a
quantity of physical importance which can be monitored
effectively for localised nonlinear waves in experiments
[1, 37]. Here we highlight that Eq. (9) can be used for
characterising the breather induced vortex filaments in
quantized superfluid.
It is interesting to note that for the Kuznetsov-Ma
breather (5), one obtains exactly ∆K = 8
√
b2 − κ20,
which indicates ∆K > 0; while for the Peregrine rogue
wave and the Akhmediev breather, we find that ∆K = 0
(see Appendix B). This is the immanent reason why
the loop structure induced by Kuznetsov-Ma breather
exhibits periodic oscillation as t increases, while the loop
structure triggered by the Peregrine rogue wave and the
Akhmediev breather appears only once during the time
evolution. On the other hand, the condition ∆K = 0
indicates that the resulting vortex filament starts from
a uniform helical vortex structure. This corresponds to
the case of the Peregrine rogue wave and the Akhmediev
breather. However, the uniform helical vortex structure
will never appear for the vortex filament induced by the
Kuznetsov-Ma breather.
Let us take a closer look at Eq. (9) by considering the
relation between ∆K and the Kuznetsov-Ma breather-
induced loop structure. To this end, we define the
characteristic size of the loop structure, rk, which
describes the minimum radius of the structure.
Figure 3 shows the relation between ∆K(κ0, t) and
r(κ0, t) on logarithmic coordinates with random values
of b in the region b ∈ [2κ0,∞]. This parameter
condition allows us to study the qualitative link between
∆K(κ0, t) and rk(κ0, t) from the vortex filaments induced
by random Kuznetsov-Ma breathers (i.e., a series
of Kuznetsov-Ma breathers with random period and
amplitude).
For the fixed t (t = 0), we show the characteristics
of ln(∆K) and ln(rk) with increasing κ0 in Fig. 3(a).
It is interesting that, despite the random values of b,
4FIG. 2: Configuration of vortex filaments of Kuznetsov-Ma breathers computed by LIA for parameters given by κ0 = 1,
τ0 = 0.05, b = 1.2 and β = 4pi at different time (a) t = −0.314, (b) t = −0.157, (c) t = −0.01, (d) t = 0.157 and (e) t = 0.314.
FIG. 3: Relations between ∆K(κ0, t) and rk(κ0, t) on
logarithmic coordinates (ln ∆K, ln rk) (a) as κ0 varies with
fixed t = −0.01; (b) as t varies with fixed κ0 = 1. The solid
lines are precise description of relation between ln ∆K and
ln rk as b → ∞. The values of the parameter b are random
numbers in the region b ∈ [2κ0, 30κ0].
ln(∆K) decreases linearly as ln(rk) increases and the
corresponding rates α are exactly consistent at a fixed
time (α = −1). The similar linear relation also holds for
the case with fixed κ0 and τ0 and variational t, as shown
in Fig. 3(b).
We then explain the linear relation above exactly.
We note that for the Kuznetsov-Ma-breather-induced
loop structure, the minimum loop radius rk is inversely
proportional to the maximum curvature κm, i.e.,
rk =
1
κm
.
It is given explicitly by Eq. (7) at ξ = 0:
rk =
[(
κ0 +
2χ2 cos(ηβt)
n2
)2
+
4η2 sin2(ηβt)
(n2)
2
]−1/2
(10)
with n2 = κ0 cos (ηβt) − b. Here rk is the function of b,
κ0 and t. Thus the accurate description of ∆K · rk reads
∆K ·rk = 8
√
b2 − κ20[(
κ0 +
2χ2 cos(ηβt)
n2
)2
+ 4η
2 sin2(ηβt)
(n2)
2
]1/2 . (11)
FIG. 4: Profile of ∆K · rk, Eq. (11) as b increases. Other
parameters are κ0 = 1, t = 2npi/(ηβ) (n is an integer) and
β = 4pi.
Clearly, for the case of Kuznetsov-Ma breather, ∆K ·
rk 6= 0; while for case of the Peregrine rogue wave and
Akhmediev breather, ∆K · rk = 0, since ∆K = 0.
We show the profile of Eq. (11) as b increases in Fig.
4. One can see that ∆K ·rk increases monotonously with
increasing b. Remarkably, as b→∞, we find ∆K ·rk → 4.
Indeed, one can readily obtain a simple relation from Eq.
(11) as b→∞
∆K · rk = 4, (12)
Namely,
ln ∆K = − ln rk + ln 4, (13)
on logarithmic coordinates.
We show the linear relation by the solid lines in Fig. 3.
Observably, the numerical results are in good agreement
with the analytical relation (12) (solid line). Physically,
the Kuznetsov-Ma breather in the region b ∈ [2κ0,∞] can
be approximatively described by the linear interference
between a bright soliton and a plane wave [26]. As b →
∞ (b  κ0), i.e., the amplitude of the bright soliton is
much bigger than that of the plane wave, the plane wave
can be neglected. As a result, the effective energy ∆K
is quadruple of the amplitude of the remaining bright
soliton, which directly leads to Eq. (12).
5FIG. 5: Temporal evolutions of curvature κ (ξ, t) (a) and torsion τ (ξ, t) (c) corresponding to a super-regular breather, see Eq.
(C2) in Appendix C. (b) and (d) are variations of κ (ξ, t) and τ (ξ, t) at different times. Other parameters are κ0 = 1, τ0 = 0.05,
R = 1.1 and φ = pi/8.
IV. SUPER-REGULAR BREATHER INDUCED
LOOP PAIR AND SYMMETRY BREAKING
Let us then consider the vortex filament induced by
the super-regular breather. The latter, which recently
serves as the exact MI scenario excited from localised
multi-peak perturbations, is formed by the nonlinear
superposition of two quasi-Akhmediev breathers [16,
27, 28, 38, 39]. The exact solution of super-regular
breather with τ0 = 0 is first provided in Ref. [16].
However, the general solution with τ0 6= 0 in the infinite
NLSE is presented recently in Ref. [27]. By using
the transformation above and the super-regular solution
in Ref. [27], the corresponding properties of vortex
filaments can be achieved effectively. Here we omit the
tedious explicit expression but show the important and
compact results. At the first step, the integral of the
relative quadratic curvature of super-regular breather
can be obtained explicitly from the exact solution in
Appendix C. It reads,
∆K = 16κ0
[
ε cosφ+ pi sinφ csch
(
pi sinφ
ε cosφ
)]
, (14)
where ε = R−1 and ε 1. R(> 1) and φ[∈ (−pi/2, pi/2)]
are two real parameters that denote respectively the
radius and angle in polar coordinates (see Appendix C).
Physically, R (or ε) and φ are two important parameters
that describe directly the amplitude and period of the
super-regular breathers. It is therefore crucial to study
the property of vortex filaments induced by super-regular
breathers by the choice of parameters R and φ.
Just as the case of Kuznetsov-Ma breather, Eq.
(14) is also greater than zero, i.e., ∆K > 0. This
indicates that the super-regular breather also admits
long-time dynamics which is different from the Peregrine
rogue wave and Akhmediev breather. Unlike the
case of Kuznetsov-Ma breather, the evolutions of
curvature and torsion of super-regular breather exhibit
remarkably different characteristics. This stems from
that the super-regular breather possesses a localised
multi-peak perturbation rather than a localised single-
peak perturbation.
Figure 5 shows the variation of curvature and torsion
induced by super-regular breather with the initial
parameters κ0 = 1, R = 1.1, and φ = pi/8. As can
be seen from Fig. 5(a) that the curvature of a super-
regular breather triggered from a localised multi-peak
perturbation at t = 0 [see Fig. 5(b)] increases gradually
due to the exponential amplification of the MI at the
linear stage. It reaches its maximum at t = 0.43 and then
splits into two quasi-Akhmediev breathers propagating
along different directions during the nonlinear stage
of MI. The corresponding torsion also suffers singular
behavior starting from the maximum curvature point
t = 0.43 [see Fig. 5(c)]. Interestingly, the nonlinear
propagation stage always holds the singular torsion at
the maximum curvature point as t > 0.43 [see Fig. 5(d)].
Figure 6 displays the corresponding vortex structure
6FIG. 6: Configuration of vortex filaments of super-regular
breathers at different time (a) t = 0, (b) t = 0.43 and (c)
t = 1.2. Other parameters are the same as in Fig. 4.
FIG. 7: Top view of configuration of vortex filaments of super-
regular breathers at a fixed time t = 1.2 as τ0 increases. (a)
τ0 = 0.01, (b) τ0 = 0.17 and (c) τ0 = 0.24. One can see
clearly the reflection symmetry breaking of the loop pair with
non-zero τ0. Other parameters are κ0 = 1, R = 1.1 and
φ = pi/8.
at t = 0, t = 0.43, and t = 1.2, respectively. One
can see clearly that the vortex filament emerges from
a perturbed helical vortex at t = 0 and then exhibits
a remarkable loop structure at t = 0.43. This is the
linear MI stage that corresponds to one loop excitation.
Interestingly, once the vortex filament evolves into the
nonlinear stage, the loop structure splits into a loop pair
which corresponds to the two quasi-Akhmediev breathers
propagation with different group velocities.
In particular, we find that the loop pair induced by
super-regular breather at the nonlinear stage shows an
interesting reflection symmetry breaking, as shown in Fig.
7. We find that this remarkable feature comes from
the asymmetry of the group velocities of the two quasi-
Akhmediev breathers. Indeed, the group velocities of
the super-regular breather are given by [see Eq. (C4) in
Appendix C]
Vg1 = 2βτ0 + d, Vg2 = 2βτ0 − d, (15)
where d = βκ0
(R4+1)
R3−R sinφ. Clearly, due to τ0 6= 0, the
absolute values of this two group velocities are always
unequal. Once κ0, ε, and φ are fixed, the degree of the
asymmetry is proportional to the value of |τ0|.
Figure 7 shows the corresponding vortex structures
induced by super-regular breather as τ0 increases. We
see that as τ0 → 0 the resulting loop pair exhibits
quasi-reflection symmetry [Fig. 7(a)], while the reflection
symmetry of the loop pair breaks greatly with increasing
τ0 [Figs. 7(b) and 7(c)].
It is very interesting to note that, despite the broken
reflection symmetry as τ0 6= 0, the growth rate
of modulation instability driven by the super-regular
breather does not depend on τ0. Namely, this growth
rate is only associated with the absolute difference of
the group velocities, G = ηr|Vg1 − Vg2| with ηr =
a
2 (R− 1/R) cosφ, as shown in Ref. [27]. This result
is physically important because that although the super-
regular breather induced vortex structures can exhibit
different loop pairs with symmetry breaking, the inherent
MI property can remain invariable.
Finally, we consider the relation between ∆K and
characteristic size rs of the super-regular breather
induced vortex structures. Similar to the case of
Kuznetsov-Ma breather, we define characteristic size rs
as the minimum radius of the super-regular-breather
induced vortex structure throughout the whole evolution.
Thus, the characteristic size rs, which is also inversely
proportional to the maximum curvature κms (i.e., rs =
1/κms), is given by
rs =
[
κ0 + κ0
(
1 + ε+
1
1 + ε
)
cosφ
]−1
, (16)
where ε = R− 1 is a small value (ε 1) defined above.
Collecting Eq. (14) and Eq. (16), we obtain the
explicit expression of ∆K · rs by omitting the high-order
term O(ε2). It reads
∆K · rs = αsε, (17)
where αs = 16 cosφ/ (1 + 2 cosφ).
In contrast to the case of Kuznetsov-Ma breather, Eq.
(11), where only one parameter b can be modulated when
the plane wave parameters (κ0, τ0) and the structural
parameter β are fixed, Eq. (17) has two free physical
parameters (ε and φ). But even so, we highlight that
linear relations can also hold for the case of super-regular
breather induced vortex structures.
FIG. 8: Relations between ∆K · rs and ε of the vortex
filament induced by super-regular breather as φ varies. Other
parameters are κ0 = 1. The discrete points are obtained with
the high-order term O(ε2) considered, while the colored lines
retain the first-order term only.
7FIG. 9: Relations between ∆K · rs and φ of the vortex
filament induced by super-regular breather as ε varies. Other
parameters are κ0 = 1.
Figure 8 shows the characteristics of ∆K · rs as ε
increases with different values of φ. In particular,
we compare the results obtained from the approximate
expression Eq. (17) (the solid lines) and the exact
expression (the dotted lines), respectively. One can see
that for each fixed φ, ∆K ·rs shows a linear relation with
ε. The corresponding rate αs decreases in the range of
[48, 0] as φ increases from 0 to pi/2.
Figure 9 shows the characteristics of ∆K · rs as φ
decreases with different values of ε. For each case with
fixed ε, ∆K · rk increases monotonously with decreasing
φ. As φ → 0, one obtains that ∆K · rk → 16ε/3.
This is similar with the case of Kuznetsov-Ma breather
induced vortex structures shown in Fig. 4. Physically,
as φ → 0, the super-regular breather transforms itself
into two colliding Kuznetsov-Ma breathers, so that the
similar linear relation can be maintained.
V. CONCLUSION
In summary, we have investigated the superfluid
vortex filaments induced by Kuznetsov-Ma breather
and super-regular breather, which admit localised
perturbations. We have shown that the loop structure
induced by Kuznetsov-Ma breather emerges periodically
as time increases, while the loop structure triggered
by super-regular breather—the loop pair—exhibits
striking symmetry breaking due to the broken reflection
symmetry of the group velocities of super-regular
breather. In particular, we have characterized and
identified explicitly these loop excitations by introducing
the integral of the relative quadratic curvature, which
corresponds to the effective energy of breathers.
Although the nature of nonlinearity, it is demonstrated
that this physical quantity shows a linear correlation with
the loop size.
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Appendix A: THE POSITION VECTOR OF THE
VORTEX FILAMENT
We give the explicit expression of the position vector
of the vortex filament by integrating the Frenet-Serret
equations given in [32] and the exact expression is
formulated explicitly in Ref. [33], which should be
represented as
r (s, t) =
x (s, t)y (s, t)
z (s, t)

=

x0 (t) +
3∑
k=1
ck1 (t)
∫ s
0
Mk (σ, t) dσ
y0 (t) +
3∑
k=1
ck2 (t)
∫ s
0
Mk (σ, t) dσ
z0 (t) +
3∑
k=1
ck3 (t)
∫ s
0
Mk (σ, t) dσ

.
Here, x0 (t), y0 (t), z0 (t) are constants with respect to
the initial position of vortex structures. Mk (k = 1, 2, 3)
are
M1 =
γ2 + α2 cosλ
λ2
,M2 =
α sinλ
λ
,M3 =
αγ (1− cosλ)
λ2
,
where α =
∫ s
0
κ (σ, t) dσ, γ =
∫ s
0
τ (σ, t) dσ, and
λ =
√(∫ s
0
κ (σ, t) dσ
)2
+
(∫ s
0
τ (σ, t) dσ
)2
.
Appendix B: EXPLICIT EXPRESSIONs OF ∆K
OF AKHMEDIEV BREATHER AND
PEREGRINE ROGUE WAVE
∆K, the integral of the relative quadratic curvature, is
expressed explicitly in the form
∆K =
∫ ∞
−∞
[
κ2 (s, t)− κ20 (s, t)
]
ds. (B1)
Here, κ (s, t) and κ0 (s, t) represent the curvature
distribution of the vortex filament and the curvature of
the background uniform helical vortex corresponding to
plane wave ψ0 (6) respectively.
As mentioned in Sec III, in addition to the Kuznetsov-
Ma breather, plane wave (6) also admits other breathing
8waves, including the Akhmediev breather and the
Peregrine rogue wave. As comparison, we show here ∆K
for the vortex filaments induced by Akhmediev breather
and Peregrine rogue wave.
We first consider the Akhmediev breather that exhibits
the explicit description for the MI emerging from periodic
perturbations. Its exact expressions is given by
ψA(s, t) =
[
1− 2χ
2
1 cosh (η1βt) + iη1 sinh (η1βt)
κ20 cos (η1βt)− κ0b cosh (χ1ξ)
]
ψ0,
(B2)
where χ1 =
√
κ20 − b2 with b < κ0, η1 = bχ1, and ξ =
s − 2τ0βt. The corresponding exact expression of the
curvature is given by
κA =
[(
κ0 − 2χ
2
1 cosh(η1βt)
A
)2
+
4η21 sinh
2(η1βt)
A2
]1/2
(B3)
with A = κ0 cosh (η1βt) − b cos (χ1ξ). A substitution of
Eq. (B3) into Eq. (B1) yields ∆KA = 0.
We then consider the Peregrine rogue wave with double
localization. The latter corresponds to the limiting case
of Eq. (B2) as b→ κ0. Its exact expression is given by
ψP (s, t) =
[
1− 4iκ
2
0βt+ 4
1 + κ40β
2t2 + κ20 (s− 2βτ0t)2
]
ψ0,
(B4)
whose curvature is in the form of
κP = κ0
√
16κ40β
2t2
a2
+
(
1− 4
a
)2
(B5)
with a = 1+κ40β
2t2+κ20 (s− 2βτ0t)2. By calculating Eq.
(B1), we demonstrate also that ∆KP = 0.
As a result, both the Akhmediev breather and the
Peregrine rogue wave share the vanishing ∆K, which
indicates that the corresponding vortex filaments start
from a uniform helical vortex structure.
Appendix C: EXPLICIT EXPRESSION OF
SUPER-REGULAR BREATHER
The explicit expression of super-regular breather for
Eq. (3) is given by the Darboux transformation [27],
where the spectral parameter λ is parameterized by the
Jukowsky transform [16] as follows:
λ = i
κ0
2
(
∆ +
1
∆
)
− τ0
2
, ∆ = Reiφ. (C1)
Here, R and φ define the location of the spectral
parameter λ in the polar coordinates. They represent
radius and angle respectively in the region R > 1 and φ ∈
(−pi/2, pi/2). For τ0 = 0, Eq (C1) reduces to the spectral
parameter used in Ref. [16]. With different values of R
and φ, the resulting exact solution can describe different
breather dynamics [16]. A more general phase diagram of
breathers has been obtained recently in Ref. [40]. Here
we consider the super-regular breather formed by two
quasi-Akhmediev breathers with R1 = R2 = R = 1 + ε
(ε  1), φ1 = −φ2 = φ. Its explicit expression of the
solution is in the form:
ψ (s, t) = ψ0
[
1− 4ρ% (i%− ρ) Ξ1 + (i%+ ρ) Ξ2
κ0 (ρ2Ξ3 + %2Ξ4)
]
. (C2)
Here
% =
κ0
2
(
R− 1
R
)
sinφ, ρ =
κ0
2
(
R+
1
R
)
cosφ
Ξ1 = ϕ21φ11 + ϕ22φ21, Ξ2 = ϕ11φ21 + ϕ21φ22,
Ξ3 = ϕ11φ22 − ϕ21φ12 − ϕ12φ21 + ϕ22φ11,
Ξ4 = (ϕ11 + ϕ22) (φ11 + φ22) ,
with
φjj = cosh (Θ2 ∓ iψ)− cos (Φ2 ∓ φ) ,
ϕjj = cosh (Θ1 ∓ iψ)− cos (Φ1 ∓ φ) ,
φj3−j = ±i cosh (Θ2 ∓ iφ)− cos (Φ2 ∓ θ) ,
ϕj3−j = ±i cosh (Θ1 ∓ iφ)− cos (Φ1 ∓ θ) ,
where θ = arctan
[(
1− iR2) / (1 +R2)]. Θj and φj
are related with group and phase velocities respectively,
which is in the form of
Θj = 2ηr (s− Vgjt) , φj = 2ηij (s− Vpjt) (C3)
where
ηi1 = −ηi1 = κ
2
(
R+
1
R
)
sinφ,
ηr =
κ
2
(
R− 1
R
)
cosφ,
Vp1 = 2βτ0 − d1, Vp2 = 2βτ0 + d2,
Vg1 = 2βτ0 + d, Vg2 = 2βτ0 − d. (C4)
with d1 = βκ0
(
R− 1R
) cos(2φ)
sinφ , d2 = βκ0
(R− 1R )
sinφ and d =
βκ0
(R4+1)
R3−R sinφ. The initial state of the super-regular
breather can be extracted from the above solution at t =
0. It reads, as ε→ 0,
ψ (s, 0) = ψ0
(
1− i4ε cosφ cos (κ0s sinφ)
cosh (κ0εs cosφ)
)
. (C5)
Note that for a given plane wave background (6) (i.e.,
κ0 and τ0 are fixed), R and φ determine the amplitude
and period of breathers. In particular, R and φ effect the
profile of the initial state (C5) of super-regular breathers.
The integral of the relative quadratic curvature of
super-regular breather ∆K [see Eq. (14)] is obtained
explicitly from the initial state (C5), since the NLSE
shares the same ∆K at different times.
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